The main achievements of Pseudo-Hermitian Quantum Mechanics and its distinction with the indefinite-metric quantum theories are reviewed. The issue of the non-uniqueness of the metric operator and its consequences for defining the observables are discussed. A systematic perturbative expression for the most general metric operator is offered and its application for a toy model is outlined.
The search for finding a condition which is both necessary and sufficient for the reality of the spectrum has led to a notion of a pseudo-Hermitian operator [1] that was slightly different from the one used in the earlier studies particularly in the context of the indefinite-metric quantum theories and the parallel mathematical developments [2] .
The approach of [1] is mainly motivated by the earlier results on the problem of the geometric phase for non-Hermitian Hamiltonians [3] and in quantum cosmology [4] . According to the definition proposed in [1] , H is called pseudo-Hermitian, if there exists a Hermitian and invertible operator η satisfying
In the same article there also appears the notion of an η-pseudo-Hermitian operator, for the case that one fixes a particular metric operator η. It is this notion of η-pseudo-Hermitian operator that coincides with the older definition of a pseudo-Hermitian or J-Hermitian operator. The distinction may seem to be quite minute, but in the context of PT -symmeric QM it has played a most significant role.
1
As is indicated in the title of [1] , unlike Hermiticity which is a sufficient condition for the reality of the spectrum, pseudo-Hermiticity (under some rather general technical conditions) is a necessary condition. A condition that was both necessary and sufficient is given in [5] .
It amounts to supplementing the pseudo-Hermiticity condition with the existence of a metric operator of the form η + = O † O, [5] . Such a metric operator is clearly positive-definite and defines a positive-definite inner product ·, · := ·|η + · , where ·|· is the defining inner product of the Hilbert space in which H and η + act. This is made more explicit in [6] where a clear picture of the role of the antilinear symmetries such as PT is also provided.
[5] and [6] also offer other equivalent necessary and sufficient conditions for the reality of the spectrum of H. One of these is the condition that H may be mapped to a Hermitian
Hamiltonian by a similarity transformation. It was after publication of [1, 5, 6 ] that the author noticed that the non-Hermitian Hamiltonians having this property are called quasi-Hermitian, [7] . It is one of the important results of [1, 5, 6 ] that PT -symmetric Hamiltonians such as
This result cannot be inferred from those of [7] .
An important observation made in [7, 8, 9] is the non-uniqueness of the metric operator.
This problem is especially important when one deals with the observables of the theory. The approach of [7] to this problem is different from the one taken in Pseudo-Hermitian QM. In [7] the metric operator is determined by fixing sufficiently many operators with real spectrum and demanding that they be Hermitian with respect to the inner product defined by the metric operator. In contrast in Pseudo-Hermitian QM, one uses the input data which is the Hamiltonian H, to determine the set U [8, 9] . Each element of U + H defines a positive-definite inner product and a complete set of observables that are Hermitian with respect to this inner product. The arbitrariness in the choice of a complete set of observables in [7] is traded for the arbitrariness in the choice of an element of U + H . An advantage of the latter approach is that one can explicitly construct the most general positive-definite metric operator and the corresponding observables.
There are two different (currently known) methods of constructing the most general positivedefinite metric operator. the first method employs the approach pursued in the proof of the spectral theorems of [1, 5, 6] and involves constructing a complete biorthonormal system {|ψ n , |φ n } where |ψ n and |φ n are eigenvectors of H and H † , respectively. For an explicit application of this method see [10, 11] . The second method uses the fact that any positive-definite operator η + has a Hermitian logarithm, i.e., there is a Hermitian operator Q such that
Inserting this relation in (1), using the Baker-Campbell-Hausdorff formula, 
where ǫ ∈ R, H 0 and Q j are ǫ-independent Hermitian operators and H 1 is an ǫ-independent anti-Hermitian operator, one obtains and iteratively solves a system of operator equations for Q j using perturbation theory. An explicit application of this method is given in [12] .
The CPT -inner product introduced in [13] is just an example of the inner products ·, · + = ·|η + · where η + has been chosen in a particular form, namely that C := η −1 + P is an involution (squares to one), [9, 14] . 2 The subsequent construction of the C-operator in [15] uses the same 2 Note that, as shown in [1] , PT -symmetric systems such as those considered in [13] are P-pseudo-Hermitian.
Because their spectrum is real they are also η + -pseudo-Hermitian for some positive-definite metric operator η + , [5, 6] . In view of Proposition 6 of [1], we also have [η approach as in the first method mentioned above. A variation of the second perturbative method is introduced in [16] . But because the authors confine their attention to the CPTinner product they miss a large class of alternative and equivalently admissible positive-definite metric operators (inner products).
As shown in [17] , using (1) - (4) one can derive
where
, and O(ǫ ℓ ) stands for terms of order ℓ or higher in powers of ǫ.
This equation together with perturbative expansion of Q given in (4) allows for a systematic derivation of the operator equations for Q j . For example, setting ℓ = 1, 2, 3 in (5) and using (4), we find
Comparing these relations with those obtained in [16, 12] , we see that the choice of the CPTinner product corresponds to setting Q 2 = 0 (and putting certain restrictions on Q 1 , Q 3 , 
where Q j (x, y) = x|Q j |y and R j only involve Q 1 , Q 2 , · · · , Q j−1 , [17] . In view of the fact that the (1 + 1)-dimensional wave equation has an explicit solution, this system can be iteratively solved. Note that R 2 = 0, hence Q 2 (x, y) = f 2 (x − y) + g 2 (x + y) where f 2 and g 2 are any complex-valued functions that due to Hermiticity of Q 2 satisfy: Further details are given in [17] .
